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Thin, proﬁled steel sheets forming the skin of concrete-ﬁlled composite wall panels and similar members beneﬁt from
the unilateral (tensionless) restraint provided by ﬁll of suﬃcient elastic modulus. This paper investigates the buckling of
such skin sheets in panels subjected to compressive or shearing loads. The proﬁled skins are modelled as inﬁnite, thin
orthotropic plates resting on tensionless rigid foundations, allowing the local buckling response to be simulated by the sin-
gle-wave buckling mode of an unrestrained plate section of appropriate aspect ratio. Solution of the governing diﬀerential
equations leads to the determination of the plate buckling coeﬃcients. Simpliﬁed formulas for the buckling coeﬃcients in
terms of the parameters describing the skin sheets are developed and shown to agree well with published results and ﬁnite
element analyses for particular limiting cases.
 2007 Elsevier Ltd. All rights reserved.
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Local buckling of skin sheets plays an important role in the mechanical behaviour of composite members.
For practical analysis, the skin sheets may be simpliﬁed as thin plates in contact with a tensionless restraining
medium, creating a buckling problem which is diﬃcult to analyse due to the nonlinearities resulting from the
unilateral constraint and the complexity of contact eﬀects.
The unilateral contact buckling problem has received attention from many researchers. The earliest studies
on the problem were undertaken by Seide (1958) and Co (1977), subsequently extended to plates with diﬀerent
boundary conditions by Shahwan and Waas (1994) and Smith et al. (1999a). For practical solutions, Wright
(1995) assumed a buckling mode function, Uy and Bradford (1996) employed a ﬁnite strip model, whereas
Smith et al. (1999b,c) combined theoretical methods and experimental research together in the local buckling
analysis of composite steel-concrete members. Smith et al. (1999d) also studied the unilateral buckling0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Fig. 1. Clamped proﬁled skin sheets in composite members. (a) Composite slab; (b) composite column; (c) composite wall panel.
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response of unilaterally constrained thin plates. Ma et al. (2006) studied the elasto-plastic post-buckling
behaviour and the secondary buckling phenomenon of unilaterally constrained plates. To consider deforma-
tion of the foundations, Chai et al. (1981) studied the one-dimensional delamination buckling problem
through a beam-column model. Shahwan and Waas (1998) presented an inﬁnite plate model constrained
by tensionless Winkler foundations with only two unknowns. de Holanda and Goncalves (2003), Shen and
Li (2004) and Shen and Teng (2004) simulated a numerical elastic contact post-buckling model for simply sup-
ported plates on tensionless foundations through perturbation and iteration techniques. Ma et al. (2007)
established an analytical model for compressive buckling of plates in unilateral contact.
In practical applications, to improve the local buckling property, the skin sheets used in steel-concrete com-
posite members are commonly proﬁled (Fig. 1). In the paper, the corrugated skin sheet is modelled as an
orthotropic thin plate resting on tensionless rigid foundations. The local buckling behaviour of the plate
may be simulated through the single-wave buckling mode of an unrestrained (non-contacting) plate section
with a certain aspect ratio. Thus the buckling coeﬃcient may be obtained after solving the governing diﬀer-
ential equation. For practical use, general formulas for buckling coeﬃcients related to proﬁle parameters
are developed for lightly proﬁled skin sheets under compressive or shearing loads.
2. Geometric properties of proﬁled skin sheets
Corrugated skin sheets (Fig. 2) are usually simpliﬁed as orthotropic thin plates. The stiﬀness of the plate
may be calculated as follows (Easley and McFarland, 1969)Dx ¼ EI11=b ð1Þ
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ð3Þwhere E, m, t, b are the elastic modulus, Poisson’s ratio, thickness and width of the skin sheet. s is the arc length
measured along the proﬁled cross section. I11 is the second moment of area of the proﬁled cross section about
its neutral axis.
3. Compressive buckling
For thin plates in contact with a rigid medium, the buckling behaviour may be simulated by a single-wave-
length buckle of an internally unrestrained plate section with two longitudinal edges clamped (since this buck-
ling mode results in all parts of the plate buckling away from the restraining medium, Fig. 3).s1 1
Fig. 2. Geometry of proﬁled skin sheet.
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Fig. 3. Buckling mode of an orthotropic plate.
842 X. Ma et al. / International Journal of Solids and Structures 45 (2008) 840–849The governing equation for compressive buckling of orthotropic plates is (Bloom and Coﬃn, 2001)Dxw;xxxx þ Dxyw;xxyy þ Dyw;yyyy þ rxtw;xx ¼ 0 ð4Þ
where rx is the normal direct stress in the x direction; w(x,y) is the vertical displacement and the subscripts
,x(,y) indicate partial diﬀerentiation o/ox(o/oy), etc.
Eq. (4) may be rewritten asDx=Dyw;xxxx þ 2ð1þ rÞw;xxyy þ w;yyyy þ p2Kw;xx=b2 ¼ 0 ð5Þ
wherer ¼ ðs=bÞ2=ð1þ mÞ  1; ð6Þ
andK ¼ b
2trx
p2Dy
: ð7ÞAssuming w(x,y) = f(x)g(y), (5) may be rewritten asDx=Dyf
0000
gþ 2ð1þ rÞf 00g00 þ fg0000 þ p
2K
b2
f 00g ¼ 0: ð8ÞFor a laterally clamped plate, the boundary condition isgðb=2Þ ¼ g0ðb=2Þ ¼ 0: ð9Þ
The lateral mode function may be assumed as (Ma et al., 2007)gðyÞ ¼ ½1=4 ðy=bÞ22: ð10Þ
Multiplying both sides of (8) by g(y), integrating, and setting n ¼ x=a; c ¼ a=b and f ðxÞ ¼ f ðnÞ, we obtainDx=Dyf
0000  c2½24ð1þ rÞ  p2Kf 00 þ 504c4f ¼ 0: ð11ÞThe symmetric solution of (11) may be written asf ðnÞ ¼ A1 cosðanÞ þ A2 cosðbnÞ; ð12Þ 
where a; b ¼ 2cﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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Considering the boundary conditionf ð1=2Þ ¼ f 0ð1=2Þ ¼ 0 ð13Þ
we getcosða=2Þ cosðb=2Þ
a sinða=2Þ b sinðb=2Þ
 
A1
A2
 
¼ 0: ð14ÞFor a non-trivial solution of (14), we require that the determinant of the coeﬃcient matrix vanish,cosða=2Þ cosðb=2Þ
a sinða=2Þ b sinðb=2Þ

 ¼ 0: ð15Þ
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Fig. 4. Compressive buckling coeﬃcient related to the bending stiﬀness ratio.
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minimum K is known as the buckling coeﬃcient Kcr, and the corresponding compressive stress is the crit-
ical stress.
Assuming r = 0, the numerical results for buckling coeﬃcient Kcr1 of (15) in terms of the ratio of Dx/Dymay
be obtained as shown in Fig. 4. The corresponding aspect ratio is shown in Fig. 5. From these results the buck-
ling coeﬃcient may be obtained with good accuracy from the numerically ﬁtted Eq. (16)Kcr1 ¼ 2:43þ 7:57
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Fig. 5. Aspect ratio related to the bending stiﬀness ratio.
844 X. Ma et al. / International Journal of Solids and Structures 45 (2008) 840–849For r = 0, (11) may be rewritten asDx=Dyf
0000 ðnÞ  c2ð24 p2Kcr1Þf 00ðnÞ þ 504c4f ðxÞ ¼ 0: ð17ÞTo take into account the inﬂuence of r, assuming (11) has the approximate buckling function of (17) and
subtracting (17) from (11), one getsKcr ¼ Kcr1 þ 24r=p2; ð18Þ
where Kcr1 may be obtained from (16).
To verify the numerically ﬁtted Eqs. (16) and (18), the results from these equations are shown in Fig. 4 to be
in close agreement with the analytical results from (15).
The critical stress may be expressed asfcr ¼ p
2KcrDy
b2t
¼ p
2KcrE
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: ð19Þ4. Shear buckling
For orthotropic plates under pure shearing loads, the governing equations for buckling may be written as
(Bloom and Coﬃn, 2001)Dxwv;xxxx þ Dxywv;xxyy þ Dywv;yyyy þ 2rxytwv;xy ¼ 0; ð20Þ
where rxy is the shear stress along the edges, wv is the vertical displacement function.
Eq. (20) may be rewritten asDx=Dywv;xxxx þ 2ð1þ rÞwv;xxyy þ w;yyyy þ 2p2Kvwv;xy=b2 ¼ 0; ð21Þ
whereKv ¼ b
2trxy
p2Dy
: ð22ÞAccording to the buckling mode of an inﬁnite rectangular plate due to shearing load (Fig. 6), the buckling
displacement mode may be assumed as wvðx; yÞ ¼ fvðxÞgðyÞ, x ¼ xþ c  y, c = 1/tan (/), and thuswv;xxxx ¼ f 0000v g; ð23aÞ
wv;xy ¼ cf 00vgþ f 0vg0; ð23bÞ
wv;xxyy ¼ c2f 0000v gþ 2cf 000v g0 þ f 00v g00; ð23cÞandwv;yyyy ¼ c4f 0000v gþ 4c3f 000v g0 þ 6c2f 00v g00 þ 4cf 0vg000 þ fvg
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Fig. 6. Buckling mode of an inﬁnite plate due to shearing load (plan view).
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þ 2p
2Kv
b2
ðcf 00vgþ f 0vg0Þ ¼ 0: ð24ÞFor a laterally clamped plate, the lateral mode function g(y) may be assumed as (10). Integrating (24) after
multiplying both sides by function g(y), and assuming n ¼ x=a; c ¼ a=b and f vðxÞ ¼ f vðnÞ; we obtain½Dx=Dy þ 2ð1þ rÞc2 þ c4f 0000v  c2½24ð1þ rÞ þ 72c2  2cp2Kvf 00v þ 504c4f v ¼ 0: ð25Þ
The symmetric solution of (25) may be written asf vðnÞ ¼ A1 cosðavnÞ þ A2 cosðbvnÞ; ð26Þ
where av; bv ¼ 2cﬃﬃﬃﬃB1p ½B2=8
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½B2=82  31:5B1
q
1=2, B1 = Dx/Dy + 2(1 + r)c2 + c4 and B2 = 24(1 + r) +
72c2  2cp2Kv.
Similar to (11), for a non-trivial solution of (26), we require that the determinant of the coeﬃcient matrix
vanish,cosðav=2Þ cosðbv=2Þ
av sinðav=2Þ bv sinðbv=2Þ

 ¼ 0: ð27ÞSolving (27), we obtain values of Kv for diﬀerent c and c. The true values of c and c are those which min-
imise Kv. The minimum Kv is the buckling coeﬃcient Kvcr, and the corresponding compressive stress is the
critical stress.
Assuming r = 0, the numerical results for buckling coeﬃcient Kvcr1 from (27) in terms of the ratio of Dx/Dy
may be obtained as shown in Fig. 7.
For r = 0, the governing equation for buckling is½Dx=Dy þ 2c2 þ c4f 0000v  c2½24þ 72c2  2cp2Kvcr1f 00v þ 504c4f v ¼ 0: ð28Þ
To take into account the inﬂuence of r, assuming (25) has the approximate buckling function of (28) and
subtracting (28) from (25), one gets10
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Fig. 7. Buckling coeﬃcient related to the bending stiﬀness ratio.
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and Cr ¼ 12
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2
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5,ðcp2Þ: ð29bÞThe numerical results of critical load coeﬃcient Cr of (29b) based on the ratio of Dx/Dy may be obtained
and simulated by a simple ﬁtted formula with error within 2% (as shown in Fig. 8).Cr ¼
3:41ðDx=DyÞ0:19 Dx=Dy < 10
3:96ðDx=DyÞ0:25 10 6 Dx=Dy
(
: ð30ÞThe parameter Kvcr1 may be simulated by the numerically ﬁtted formulaKvcr1 ¼ 8:55ðDx=DyÞ0:25 þ Cr: ð31Þ
Thus the buckling coeﬃcient (29a) may be rewritten asKvcr ¼ 8:55ðDx=DyÞ0:25 þ Crðrþ 1Þ: ð32Þ
The ﬁtted Eq. (32) is compared with the analytical results of (27) in Fig. 7, showing less than 1.6% maxi-
mum error.
The critical stress for shear buckling may be expressed asfvcr ¼ p
2KvcrDy
b2t
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2KvcrE
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: ð33Þ5. Veriﬁcation
To verify the methods above, a limiting case of an isotropic plate (Dx/Dy = 1, r = 0) was ﬁrst consid-
ered. The compressive buckling coeﬃcient was Kcr = 9.98 (analytical) or Kcr = 10.0 (ﬁtted), with a corre-
sponding aspect ratio a/b = 1.12, agreeing well with existing solutions—e.g. Kcr = 10.3 with a/b = 1.0 (Uy
and Bradford, 1996), or Kcr = 9.8 with a/b = 1.2 (Bloom and Coﬃn, 2001). The shear buckling coeﬃcient
X. Ma et al. / International Journal of Solids and Structures 45 (2008) 840–849 847was Kvcr = 12.16 (analytical), or Kvcr = 11.96 (ﬁtted equation). In the solution of Smith et al. (1999d), the
minimum shear buckling coeﬃcient among isotropic plates with diﬀerent aspect ratios was
Kvcr,min = 12.03.
A parametric study was then made on a group of clamped steel skin sheets in which the corrugation height
h (Fig. 9) ranged between 1 and 9 mm. The ﬁxed parameters were E = 2 · 105 MPa, m = 0.3 and t = 1 mm. The
critical stresses calculated in accordance with the methods in the paper are shown in Fig. 10, agreeing closely
with results calculated using ﬁnite element (ABAQUS) software. The ABAQUS models consisted of several
1000 mm-long skin sheets in unilateral contact with rigid surfaces (Fig. 11). The bifurcation points were
detected using the ABAQUS implementation of the Riks analysis procedure in the presence of very small
applied imperfections.0
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Fig. 10. Critical stresses for proﬁled skin sheets with varying corrugation heights. (a) Compressive critical stresses. (b) Shear critical stess.
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Fig. 11. ABAQUS buckling modes for skin sheets with h = 5 mm. (a) Compressive buckling mode. (b) Shear buckling mode.
848 X. Ma et al. / International Journal of Solids and Structures 45 (2008) 840–8496. Conclusions
Methods of analysis for compressive and shear buckling behaviour of proﬁled skin sheets resting on ten-
sionless rigid foundations are proposed. To facilitate easy practical application, ﬁtted formulas for the buck-
ling coeﬃcients of lightly proﬁled skin sheets are also presented. Good agreement between the ﬁtted formulas
and analytical methods is demonstrated. Comparison of limiting cases with some existing solutions and with
ﬁnite element models also conﬁrms the validity of the methods in the paper.
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